Abstract. It is shown that, for a hermitian operator T on a Hilbert space H, the following three statements are equivalent: (i) T = A*A -AA* for some compact operator A, (ii) there is an orthonormal basis (bj) such that (Tbp bf? = 0 for all j, and (iii) tr T* = tr T~ (possibly infinite) where T+ -(\T\ + T)/2 and T~ = (\T\ -T)/2. (Here |T| is the positive square root of T2. For the definition and basic properties of tr P for a positive operator P, see [3] .)
H, the self-commutator of A, denoted by [A*, A], is defined to be A*A -AA*. The question concerning which operators are self-commutators was answered by Radjavi ([6] ; also see [1] ) as follows: a hermitian operator is a self-commutator (of some operator) if and only if its essential numerical range contains zero. The purpose of the present paper is to supply an answer to the compact counterpart of the above question (Here |T| is the positive square root of T2. For the definition and basic properties of tr P for a positive operator P, see [3] .)
For the proof of this theorem, we need a technical lemma.
Lemma 2. Let {p.} be a sequence (possibly finite) of nonnegative numbers and {-qj} be an infinite sequence of negative numbers such that 2p, = 2 a, < ± oo, qj -» 0 as j -» oo and pj -» 0 in case {pj} is an infinite sequence. Then these two sequences can be arranged into one sequence {rA such that (i) sn = rx + r2 + • • ■ +rn > Ofor all n, and (ii) sn -» 0 as n -» oo.
The proof of the above lemma is elementary and hence omitted. (1) It follows from the above corollary that every compact operator can be expressed as a sum of at most four commutators of compact operators. This slightly improves the following result in [5] : every compact operator is a sum of finitely many commutators of compact operators.
(2) It follows from Theorem 1 that if a positive operator is the self-commutator of a compact operator, then it must be zero. This gives a fresh look of an early result for hyponormal operators, namely, compact hyponormal operators are normal. (See, e.g., [7] .) (3) From the proof of Theorem 1, we see that each of the following conditions are equivalent to each of those in Theorem 1 :
(iv) T = [Q*, Q] for some compact quasi-nilpotent weighted shift Q.
(v) T = [S*, S] for some operator S with its real part (S + S*)/2 compact. (4) It follows from [2] and [6] that real parts of quasi-nilpotent operators and self-commutators have the same characterizaton. However, by a result in [2] , every compact hermitian operator is the real part of a compact quasi-nilpotent operator, while, in view of Theorem 1, a compact hermitian operator is not necessarily the self-commutator of a compact operator.
(5) Note that the set of all self-commutators is closed under the norm-topology, while the set of all self-commutators of compact operators is not so.
The authors would like to thank the referee for pointing out that, pertinent to Remark (1), every compact operator is a sum of at most three commutators of compact operators. The argument for proving this fact is reproduced here as follows. Hence T = S + i(K -Im S) and, by Corollary 3 again, K -Im S is the sum of two commutators of compacts.
